In the present paper an ordinary or definite Finsler space with a symmetric distance is considered to be a special case of an indefinite Finsler space. Consequently, our arguments are valid for definite metrics as well as nondefinite metrics. The arguments are different from those of Busemann [7] because he does not make any differentiability assumptions and since a number of his arguments do not extend to indefinite metrics.
Let M be an indefinite Finsler space. The bisector of two points of M is the set of points equidistant from these two points. A bisector is called flat if with any pair of points it contains the extremals joining this pair. In this paper it is shown that M is pseudo-Riemannian of constant curvature if and only if M locally has flat bisectors. Another result is that M is pseudo-Riemannian of constant curvature if and only if M can be reflected locally in each nonnull extremal.
1. Introduction. Blaschke [6] has shown that if M is a two dimensional definite Finsler space in which the bisector of two points is an extremal then M is a Riemannian space of constant curvature. Busemann [7] has shown that among his G-spaces the requirement that bisectors contain with each pair of points a segment joining this pair characterizes the Euclidean, hyperbolic and spherical spaces of dimension greater than one. Phadke [8] has investigated the flat bisector condition in two dimensional G-spaces which have a distance which is not necessarily symmetric. In [4] we have shown that a pseudoRiemannian manifold locally has flat bisectors if and only if it is a space of constant sectional curvature.
In the present paper an ordinary or definite Finsler space with a symmetric distance is considered to be a special case of an indefinite Finsler space. Consequently, our arguments are valid for definite metrics as well as nondefinite metrics. The arguments are different from those of Busemann [7] because he does not make any differentiability assumptions and since a number of his arguments do not extend to indefinite metrics. The manifold M together with the basic metric function L(x, y) is called an indefinite Finsler space of signature n -2s. If L(x, y) is replaced with -L(x, y), then M becomes a space of signature 2s -n. In the special case s = 0 the manifold M is a definite Finsler space. In this paper we do not exclude the case 5 = 0.
When M has a metric tensor g, y (x, y) which does not depend on y, then M is called pseudo-Riemannian. A pseudo-Riemannian space is Riemannian when s = 0 or n. If M is R n and the metric tensor is constant, then M is called pseudo-Euclidean.
Let W, Y, Z be three tangent vectors at x E M. Using the natural basis let (x, w), (x, y) and (x, z) be the respective coordinate representations of these vectors. 3. The bisector condition. The Christoffel symbols γ{ fc (x, y) are defined in the usual way. The extremals are the solutions of the differential equations
An extremal x(t) with velocity vector of length zero is called a null extremal.
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A result of Whitehead [9] implies that for each point x there is a simple convex neighborhood U(x). Given two points p and q in U(x) there is a unique extremal arc a{p, q) from p to q which lies in U(x). In U(x) the separation between two points p and q is defined by = J L υ2 (x,x) (B(p,q) ) at r. The space T r (B(p,q) ) is naturally identified with an n -1 dimensional linear subspace of the tangent space T(r). Integrating by parts we obtain (0) Proof. If M has dimension two, then Proposition 1 yields the result. In [5] we have shown that an indefinite Finsler space of dimension at least three has symmetric perpendicularity if and only if it is pseudoRiemannian. In [4] we have shown that a pseudo-Riemannian manifold locally has flat bisectors if and only if it is a space of constant curvature. These two results together with the conclusion of Lemma 4 that M has symmetric perpendicularity complete the proof of the Theorem.
Lemma 3 implies that I o (-u)= I 0 (u). It follows that Iό
Reflections in extremals.
In this section another theorem characterizing pseudo-Riemannian spaces of constant curvature is proven.
Let / be a diffeomorphism of M onto itself and let /* denote the derivative map induced on the tangent bundle.
The map / is an isometry if for all x E M and W,Y,Z<Ξ T(x) we have
When / is a diffeomorphism of some open set U x of M onto an open set U 2 of M which satisfies the above equality, the map / is called a local isometry. When / is a local isometry different from the identity and such that f 2 is the identity, then / is an involution. Let x be an interior point of the nonnull extremal a. A reflection in a near x is said to exist, if there is a neighborhood V(x) and a local isometry / defined on V(x) such that / is an involution and the set of fixed points of / is exactly a Π V(x).
If every nonnull extremal may be reflected near each interior point, then we say M may be locally reflected in each nonnull extremal.
Let / be a reflection in a near x. The tangent map /* is a linear map of T(x) onto T(x) which preserves the metric induced on T(x). Hence, /* maps the indicatrix K(x) onto itself and the light cone C(x) onto itself. If W is a nonzero vector tangent to a at x, then f*W=W and
W(W,Z)=W(W,f*Z) for all Z E T(x). This implies that if W is perpendicular to the
Let (M,g) be a pseudo-Riemannian space of constant sectional curvature. It is known (see [11, p. 69] ) that each x E M must have a neighborhood which is isometric to an open set of one of the model spaces S n s ,R n s or H n s . When 5 = 0, these model spaces are the classical models for spaces of constant curvature. The space SJ is an n dimensional sphere, the space R" is n dimensional Euclidean space and H { " is an n dimensional hyperbolic space. The groups of motions of all of the model spaces are well known, compare [11, pp. 65-66] . In particular, each of the model spaces may be reflected over any nonnull geodesic G. This reflection may have more than G as its set of fixed points, however, the geodesic G will have a neighborhood U such that the fixed points of U are all on G. If follows that any pseudo-Riemannian space of constant curvature may be locally reflected in any nonnull external. In general, pseudo-Riemannian spaces of constant curvature cannot be reflected over null extremals. PROPOSITION 
// M is a two dimensional indefinite Finsler space which may be locally reflected in all nonnull extremals, then M is pseudo-Riemannian of constant curvature.
Proof. If the metric on M is definite the result is well known, see [7, p. 350] .
Assume the metric is not definite and let W be a nonnull vector in T(x). There is a local reflection / in the extremal a determined by W. Furthermore, /* W = W and /* is an involutoric motion on T(x). Letting W vary, it follows that there exist infinitely many motions of T(x) holding the origin fixed. The metric on T(x) is Minkowskian and it is known [3, p. 533 ] that a two dimensional Minkowskian space has an infinite group of motions holding one point fixed if and only if the metric is the ordinary two dimensional Lorentz metric. Letting x vary, it follows that M is pseudo-Riemannian.
Let α(p, q) be a nonnull external from p to q. is a local isometry taking p to q whenever k is sufficiently large. It follows that M has the same curvature at p and q.
To conclude that M has the same curvature at all points we observe that any pair of points of M may be joined by a path consisting of a finite sequence of nonnull extremals. This establishes the Proposition. If | Y| 2^0 , let β be the extremal through x with tangent Y at x. Then / leaves β pointwise fixed near x which contradicts the assumption that / only leaves a (Ί V(x) fixed.
If I Y\ 2 = 0, let P be the two dimensional linear subspace of T(x) spanned by Y and W. The map /* is the identity on P since f*Y=Y and /* W -W. For sufficiently small positive 6, the vector X = W + eY is a nonnull vector in P. Letting β be an extremal tangent to X at x, it follows as before that / leaves β pointwise fixed near x. This last contradiction establishes the Lemma. Proof. Because of Proposition 6, we only consider n ^ 3. Let IVbea nonnull vector tangent to a at x. Assume that / is a local reflection in a and that Z is any vector with W -\ Z. Let (x, w) and (x, z) be the respective coordinate representations of W and Z Lemma 7 and the fact that /* must preserve the metric induced on the tangent space T(x) yield g ίy (x, w + ez) = g η (x, w -ez) for all real e. This implies the derivative of g ή (x, w + ez) with respect to e must vanish at e = 0. The function g i; (x, y) is homogeneous of degree zero in y because of conditions (B) and (C). Thus, the derivative of g iy (x, w + ew) with respect to 6 must vanish at 6 = 0. We conclude that dx for all k = 1,2, , n. This equation must hold for all nonnull vectors W.
Since the nonnull vectors at x are dense in T(x), we find g; ; (jt, i) is independent of x. Hence, M is pseudo-Riemannian. Consider a nondegenerate two dimensional linear subspace E of T(x) with sectional curvature K(x, E). Let E be spanned by vectors Y and Z. The two dimensional sections of T(x) have a natural topology induced from the Grassmann manifold of 2-planes in T(x). If Y, -> Y and Z, -» Z, then the subspace spanned by Y t and Z, converges to E.
If / is the reflection in the nonnull extremal a through x, then K(x, E) = K(x,f*E). In general, given two arbitrary sections E x and E 2 at JC there may not be a reflection / such that E 2 = /*£Ί. In fact, it may happen that the metric is definite on one section and indefinite on the other.
Let Y' be a vector attached at x and let E' denote the section spanned by Y' and Z If Y' is chosen sufficiently close to Y, then there is a reflection / in some nonnull extremal a such that E f = /*£. It follows easily that all sections sufficiently close to E have the same curvature. This implies that two nondegenerate sections E λ and E 2 will have the same curvature if there is a continuous family of nondegenerate sections from E, to E 2 . It follows that the sectional curvature K(x, E) is independent of E. However, when n ^ 3 the sectional curvature is only constant at each x when the curvature is independent of JC, see [11, p. 57] . Therefore, M is a space of constant curvature.
Theorems 5 and 8 yield our final Proposition. 
